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a b s t r a c t
Let G be a connected graph with n ≥ 2 vertices. Suppose that a fire breaks out at a vertex
v of G. A firefighter starts to protect vertices. At each time interval, the firefighter protects
two vertices not yet on fire. At the end of each time interval, the fire spreads to all the
unprotected vertices that have aneighbour on fire. Let sn2(v)denote themaximumnumber
of vertices in G that the firefighter can savewhen a fire breaks out at vertex v. The surviving
rate ρ2(G) ofG is defined to be

v∈V (G) sn2(v)/n2, which is the average proportion of saved
vertices.
In this paper, we show that if G is a planar graph with n ≥ 2 vertices and without
4-cycles, then ρ2(G) > 176 .
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
In 1995, Hartnell [7] introduced the firefighter problem on a finite graph G. Assume that a fire breaks out at a vertex v of
G. A firefighter (or defender) chooses a vertex not yet on fire to protect. Then the firefighter and the fire alternately move
on the graph. Once a vertex has been chosen by the firefighter, it is considered protected or safe from any further moves of
the fire. After the firefighter’s move, the fire makes its move by spreading to all vertices which are adjacent to the vertices
on fire, except for those that are protected. The process ends when the fire can no longer spread.
Let sn(v) denote the maximum number of vertices in G that the firefighter can save when a fire breaks out at vertex v.
Determine for a graph G, a vertex v ∈ V (G) and an integer l, whether sn(v) ≥ l is NP-complete, even when G is restricted to
bipartite graphs [10], cubic graphs [8] and trees with maximum degree three [5]. However, it was shown in [5] that there is
a polynomial time algorithm to determine sn(v) if G is a tree of maximum degree three and v is a vertex of degree two.
A design problem of optimal graphswas first investigated by Finbow et al. [4]. One approach is to design graphs such that
one canminimize the expected number of vertices burnedwhen a fire breaks out at a randomsubset of vertices. The surviving
rate ρ(G) of a graph G with n vertices was introduced by Cai and Wang [1], and is defined to be the average proportion of
vertices that can be saved when a fire breaks out at one vertex of the graph. More generally, for an integer k ≥ 1, the
k-firefighter problem is the same as the firefighter problem, except that, at each move, the firefighter protects k vertices.
We use snk(v) to denote the maximum number of vertices in G that the firefighter can save when a fire breaks out at vertex
v. The k-surviving rate ρk(G) of a graph Gwith n vertices is defined by
ρk(G) =

v∈V (G)
snk(v)
n2
.
In particular, ρ1(G) = ρ(G). By the definition, it is evident that for any integer k ≥ 1 and a graph G on n vertices,
0 ≤ ρk(G) < 1, and ρk(G) = 0 if and only if n = 1. Thus, we always assume that n ≥ 2 in the following arguments.
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Cai andWang [1] proved: (1) ρ(Tn) ≥ 1−

2
n for a tree Tn with n vertices, implying that limn→∞ ρ(Tn) = 1; (2) ρ(G) ≥ 16
for an outerplanar graph G; and (3) ρ(G) ≥ 310 for a Halin graph Gwith at least 5 vertices. These results have been recently
improved or extended as follows. Yue andWang [17] showed that aHalin graphGwithn vertices satisfies limn→∞ ρ2(G) = 1.
For outerplanar graphs G, Wang et al. [16] proved that (1) limn→∞ ρ5(G) = 1; and (2) ρ(G) ≥ 4381 − 53n + 3n2 if n ≥ 8. It
was shown in [2] that the 1-surviving rate of every outerplanar graph with n vertices is at least 1 − Θ( log nn ), which is
asymptotically tight. Moreover, the k-surviving rate of a graph on n verticeswith treewidth atmost k is at least 1−O( k2 log nn ).
Wang et al. [15] investigated the surviving rate of some special graphs such as planar graphs, sparse graphs, K4-minor
free graphs, d-degenerate graphs, etc. In particular, they proved that ρ5(G) ≥ 215 for any planar graph G, and ρ(G) ≥ 235
when G has girth at least 9. Their results have been improved and extended as follows: (1) ρ4(G) ≥ 311 for planar graphs G
[9]; and (2) ρ(G) ≥ 1301 for planar graphs G of girth at least 7 [14]. For a survey of related results the reader is referred to
[6]. Some potential applications of the firefighter problem in computer science, biology, propagation of viruses, rumours or
epidemics can be seen in [11–13,15].
Recently, using the discharging technique, Esperet et al. [3] showed that the 2-surviving rate of planar graphs without
3-cycles is at least 1723636 . In this paper, we shall extend this result by showing that the 2-surviving rate of planar graphs
without 4-cycles is at least 176 .
2. Notation
A plane graph is a particular drawing in the Euclidean plane of a certain planar graph. For a plane graph G, we denote its
vertex set, edge set, face set, maximum degree, and minimum degree by V (G), E(G), F(G),∆(G), and δ(G), respectively. Let
n = |V (G)|. For a face f ∈ F(G), we use b(f ) to denote the boundarywalk of f andwrite f = [u1u2 . . . um] if u1, u2, . . . , um are
the vertices of b(f ) in the clockwise order. Repeated occurrences of a vertex are allowed. The degree of a face is the number
of edge-steps in its boundary walk. Note that each cut-edge is counted twice. For x ∈ V (G) ∪ F(G), let dG(x), or simply d(x),
denote the degree of x in G. A vertex (or face) of degree k, at least k, or at most k is called a k-vertex, k+-vertex, or k−-vertex
(k-face, k+-face, or k−-face). For i ≥ 1, let Vi denote the set of i-vertices in G andwrite ni = |Vi|. So, V (G) = V1∪V2∪· · ·∪V∆
and n = ∆i=1 ni, where ∆ = ∆(G). Set V+k = Vk ∪ Vk+1 ∪ · · · ∪ V∆, and n+k = nk + nk+1 + · · · + n∆. We call an edge
xy with d(x) = a and d(y) = b an (a, b)-edge. For a face f and an integer k ≥ 1, let nk(f ) (or n+k (f )) denote the number of
k-vertices (or k+-vertices) incident to f . For x ∈ V (G)∪ F(G), letm3(x) denote the number of 3-faces adjacent or incident to
x. Moreover, let N(v) denote the neighbourhood of a vertex v in G, and write N[v] = N(v) ∪ {v}.
3. Good vertices
Let G be a connected plane graph with δ(G) ≥ 3 and without 4-cycles. A vertex v with 3 ≤ d(v) ≤ 4 is called good if
when a fire breaks out at v then there is a defending strategy by which one firefighter can choose two vertices to protect
at each move and finally save at least n − 7 vertices. Otherwise, v is called a bad 3-vertex or a bad 4-vertex. Let V g3 and V b3
denote the sets of good 3-vertices and bad 3-vertices in V3, respectively. Similarly, we can define V
g
4 and V
b
4 . Set n
g
i = |V gi |
and nbi = |V bi | for i = 3, 4.
To find some good 3-vertices, we first establish the following useful lemma:
Lemma 1. Let P∗ = v1v2 . . . vm be a path with 2 ≤ m ≤ 7 and d(v1) = 3. Define S1 = N(v1)\{v2}, Sk = N(vk)\
(∪1≤i≤k−1N[vi]) for k = 2, 3, . . . ,m. If |Sk| ≤ 3 for 2 ≤ k ≤ m− 1, and |Sm| ≤ 2, then v1 is a good 3-vertex.
Proof. It is easy to observe that |S1| = 2. Assume that a fire breaks out at the vertex v1. We first protect S1, then
S2\{v3}, S3\{v4}, . . . , Sm−1\{vm} in order, and finally protect Sm. Note that all the vertices in the set V (G)\V (P) can be saved
by applying our defending strategy. It follows that sn2(v1) ≥ n−m ≥ n− 7, therefore v1 is a good 3-vertex. 
Next, we define the following special configurations:
(C1) A 5-face f = [v1v2 . . . v5]with v1, v2, . . . , v5 ∈ V4 andm3(f ) ≥ 4. (Note that v10 and v11 may be identity.)
(C2) A 5-face f = [w1w2 . . . w5]withw1, w2, w3, w4 ∈ V4,w5 ∈ V5 andm3(f ) = 5.
(C3) A 6-face f = [t1t2 . . . t6]with t1, t2, . . . , t6 ∈ V4 andm3(f ) = 6.
(C4) A 5-face f = [s1s2 . . . s5] with s1, s2, s3, s4 ∈ V4, s5 ∈ V6 and m3(f ) = 5. In addition, s5 is incident to three 3-faces
[s5s1s10], [s5s4s9] and [s5s11s12]with d(s12) ≤ 4.
The configurations (C1) to (C4) are depicted in Fig. 1, where s12 is assumed to be a 4-vertex in (C4).
Lemma 2. The following vertices are good 4-vertices:
(1) v2, v3, v4 in (C1);
(2)w2, w3 in (C2);
(3) t1, t2, . . . , t6 in (C3);
(4) s2, s3 in (C4).
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Fig. 1. Four special configurations (C1)–(C4).
Proof. In the following discussion, we directly apply the symbols in Fig. 1.
Assume that a fire breaks out at the vertex v2 in (C1). We first protect {v6, v7}, then {v8, v10}, and finally {v9, v11}. Thus,
sn2(v2) ≥ n − 5. By symmetry, we can prove that sn2(v4) ≥ n − 5. Now assume that a fire breaks out at the vertex v3 in
(C1). We first protect {v7, v8}, then {v6, v9}, and finally {v10, v11}. It is easy to derive that sn2(v3) ≥ n− 5.
Assume that a fire breaks out at the vertex w2 in (C2). We first protect {w6, w7}, then {w8, w10}, and finally {w9, w11}.
Thus, sn2(w2) ≥ n− 5. By symmetry, sn2(w3) ≥ n− 5.
Assume that a fire breaks out at the vertex t1 in (C3). We first protect {t7, t12}, then {t8, t11}, and finally {t9, t10}. Thus,
sn2(t1) ≥ n− 6. Similarly we can show that sn2(ti) ≥ n− 6 for i = 2, 3, . . . , 6.
Assume that a fire breaks out at the vertex s2 in (C4). We first protect {s6, s7}, then {s8, s10}, {s9, s11}, and finally {s13, s14}.
Thus, sn2(s2) ≥ n− 6. Similarly, we can show that sn2(s3) ≥ n− 6. 
4. The 2-surviving rate
Suppose that G is a connected plane graph with δ(G) ≥ 3 and without 4-cycles. Then G contains neither 4-faces nor
adjacent 3-faces. This implies thatm3(v) ≤ ⌊d(v)/2⌋ for any vertex v ∈ V (G).
Let f = [u0u1 . . . u4] be a 5-face with u0, u1, u2, u3 ∈ V4. For 0 ≤ i ≤ 4, we use fi to denote the face adjacent to f with
uiui+1 ∈ b(f )∩b(fi), where the indices are takenmodulo 5. Let us now define the following special configurations, see Fig. 2:
• f is of type 1 if d(fi) = 3 for i = 0, 1, 2, 3, d(f4) ≥ 5, and d(u4) = 5. Moreover, b(f ) contains no good 4-vertices.
• f is of type 2 if d(fi) = 3 for i = 0, 1, 2, d(f3), d(f4) ≥ 5, and d(u4) = 4. Moreover, b(f ) contains no good 4-vertices.
• f is of type 3 if d(fi) = 3 for i = 0, 1, 2, 3, 4, d(u4) = 6. Moreover, b(f ) contains no good 4-vertices. Further, let
f , f3, f ′, f ′′, f ′′′, f4 denote the faces incident to u4 in the clockwise order. Then f is called a sink of each of the faces f ′ and f ′′′.
To show our main result, we need to use the discharging method. First, we define an initial weight function w(v) =
d(v)− 6 for a vertex v ∈ V (G) and w(f ) = 2d(f )− 6 for a face f ∈ F(G). By Euler’s formula |V (G)| − |E(G)| + |F(G)| = 2
and the relation
v∈V (G)
d(v) =

f∈F(G)
d(f ) = 2|E(G)|,
we can derive the following identity:
v∈V (G)
(d(v)− 6)+

f∈F(G)
(2d(f )− 6) = −12.
Afterward we define the following discharging rules (R1) to (R5). Once these rules are carried out in G, we can get a new
weight function w′(x) satisfying the required property. For x, y ∈ V (G) ∪ F(G), we use τ(x → y) to denote the amount of
weight transferred from x to y in the following rules.
(R1) Let f be a 5+-face and v a vertex incident to f . For each occurrence of v in b(f ), we carry out the following subrules:
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Fig. 2. Type 1, type 2 and type 3 5-faces.
(R1.1) Assume that v is a bad 3-vertex. Ifm3(v) = 1, then τ(f → v) = 3825 ; ifm3(v) = 0, then τ(f → v) = 7675 .
(R1.2) Assume that v is a bad 4-vertex. If m3(v) = 2, then τ(f → v) = 5150 ; if m3(v) = 1, then τ(f → v) = 1725 ; if
m3(v) = 0, then τ(f → v) = 51100 .
(R1.3) Assume that d(v) = 5. Ifm3(v) = 2, then τ(f → v) = 2675 ; ifm3(v) = 1, then τ(f → v) = 1350 ; ifm3(v) = 0, then
τ(f → v) = 26125 .
(R1.4) If d(v) = 6, then τ(f → v) = 175 .
(R2) If f is a type 1 5-face, then f4 sends 13150 to f through the edge u0u4.
(R3) If f is a type 2 5-face, then f3 (resp., f4) sends 125 to f through the edge u3u4 (resp., u0u4).
(R4) If f is a type 3 5-face, then each of f ′ and f ′′′ sends 7150 to f through the vertex u4.
(R5) Every 7+-vertex sends 24175 to each incident face.
Letw′ denote the resultant weight function after the discharging procedure is performed on G according to the rules (R1)
to (R5). Then we have the following:
Lemma 3. (1) If v ∈ V g3 ∪ V g4 , thenw′(v) ≥ −3.
(2) If v ∈ V (G)\(V g3 ∪ V g4 ), thenw′(v) ≥ 125 .
(3) If f ∈ F(G), thenw′(f ) ≥ 0.
Proof. If v ∈ V g3 ∪ V g4 , then it is straightforward to see that w′(v) = w(v) = d(v)− 6 ≥ 3− 6 = −3. This completes the
proof of (1).
Let v ∈ V (G)\(V g3 ∪ V g4 ). Then d(v) ≥ 3 as δ(G) ≥ 3.
If d(v) = 3, then w(v) = −3. Since G contains no adjacent 3-faces, m3(v) ≤ 1. If m3(v) = 1, then v is incident to
two 5+-faces. By (R1.1), w′(v) ≥ −3 + 2 · 3825 = 125 . If m3(v) = 0, then v is incident to exactly three 5+-faces. By (R1.1),
w′(v) ≥ −3+ 3 · 7675 = 125 .
If d(v) = 4, thenw(v) = −2. It is easy to see thatm3(v) ≤ 2. Ifm3(v) = 2, then v is incident to two 5+-faces. By (R1.2),
w′(v) ≥ −2+2 · 5150 = 125 . Ifm3(v) = 1, then v is incident to three 5+-faces, and hencew′(v) ≥ −2+3 · 1725 = 125 by (R1.2).
Ifm3(v) = 0, thenw′(v) ≥ −2+ 4 · 51100 = 125 by (R1.2).
If d(v) = 5, then w(v) = −1, and m3(v) ≤ 2. By (R1.3), we have the following argument. If m3(v) = 2, then
w′(v) ≥ −1+ 3 · 2675 = 125 . Ifm3(v) = 1, thenw′(v) ≥ −1+ 4 · 1350 = 125 . Ifm3(v) = 0, thenw′(v) ≥ −1+ 5 · 26125 = 125 .
If d(v) = 6, thenm3(v) ≤ 3, and hencew′(v) ≥ w(v)+ 3 · 175 = 0+ 125 = 125 by (R1.4).
If d(v) ≥ 7, then it follows from (R5) thatw′(f ) ≥ d(v)− 6− 24175d(v) = 151175d(v)− 6 ≥ 151175 · 7− 6 = 125 . Therefore the
proof of (2) is complete.
Now, we begin the proof of the statement (3). Let f ∈ F(G). Then d(f ) ≠ 4. If d(f ) = 3, then w′(f ) = w(f ) = 0.
So let f = [v0v1 . . . vd(f )−1] with d(f ) ≥ 5. For 0 ≤ i ≤ d(f ) − 1, we use fi to denote the adjacent face of f with
vivi+1 ∈ b(f ) ∩ b(fi), where the indices are taken modulo d(f ). For j = 1, 2, let pj(f ) denote the number of type j
5-faces adjacent to f . Moreover, let s(f ) denote the number of sinks of f . For the sake of simplification, we omit the letter f
in p1(f ), p2(f ), s(f ), ni(f ), n+i (f ),m3(f ), etc.
Observation 1. (1) p1 is not greater than the number of (4, 5)-edges in b(f );
(2) p2 is not greater than the number of (4, 4)-edges in b(f );
(3) s ≤ n6.
Proof. By definition, (1) and (2) hold obviously. To show (3), assume that v is an arbitrary 6-vertex in b(f ). It suffices to
prove that f has at most one sink through the vertex v. Assume to the contrary that f has two sinks f ∗ and f ∗∗ through v, i.e.,
f ∗ and f ∗∗ are type 3 5-faces incident to v. Then it is easy to find a configuration isomorphic to (C4). By Lemma 2(4), b(f ∗)
or b(f ∗∗) contains good 4-vertices, contradicting the definition of a type 3 5-face. 
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Observation 2. Let f be a 5+-face incident to a 6-vertex u. Then the total amount of weight that f sends to u and its possible sink
through u is at most 350 .
Proof. By (R1.4), f sends 175 to u. By the proof of Observation 1(3), f has at most one sink through the vertex u. By (R4), f
gives at most 7150 to the possible sink through u. Thus, the total amount of weight that f sends to u and the possible sink
through u is at most 175 + 7150 = 350 . 
The proof is split into the following two cases.
Case 1 d(f ) = 5.
Thenw(f ) = 4. We need to consider several subcases, depending on the number of 3-vertices in b(f ).
Case 1.1 b(f ) contains two adjacent 3-vertices, say v0 and v1.
By Lemma 1, v0 and v1 are good 3-vertices. If at least one of v2 and v4 is a 3-vertex, then all 3-vertices in b(f ) are good.
Noting that p1 + p2 ≤ 1, we have that w′(f ) ≥ 4 − 2 · 5150 − 13150 = 131150 by (R1)–(R4) and Observation 2. So assume that
d(v2) ≥ 4 and d(v4) ≥ 4. If d(v3) = 3, then p1 = p2 = 0, we have that w′(f ) ≥ 4 − 3825 − 2 · 5150 = 1125 by (R1)–(R4) and
Observation 2. If d(v3) ≥ 4, then p1 + p2 ≤ 2, we havew′(f ) ≥ 4− 3 · 5150 − 2 · 13150 = 2330 .
Case 1.2 b(f ) contains two nonadjacent 3-vertices, say v0 and v2.
By Case 1.1, we assume that d(vi) ≥ 4 for i = 1, 3, 4. Then p1 + p2 ≤ 1. If either d(v1) = 4, or d(v3) = d(v4) = 4,
then Lemma 1 asserts that v0, v2 are good. It turns out that w′(f ) ≥ 4 − 3 · 5150 − 13150 = 6475 . Otherwise, we may assume
that d(v1), d(v3) ≥ 5 and d(v4) ≤ d(v3) by symmetry. If at least one of v0 and v2 is good, then it is easy to inspect that
w′(f ) ≥ 4− 3825 − 5150 − 2 · 2675 − 13150 = 5175 by (R1)–(R4) and Observation 2. Otherwise, both v0 and v2 are bad 3-vertices. The
proof is further split into two subcases.
(1.2.1) d(v4) = 4.
If d(f4) = 3, then it is easy to check that P∗ = v0v4 is a path satisfying Lemma 1 and hence v0 is a good 3-vertex, a
contradiction. So assume that d(f4) ≥ 5. This implies that m3(v4) ≤ 1. If d(v1) = 5, then d(f0), d(f1) ≥ 5, for otherwise
P∗ = v0v1v2 or P∗ = v2v1v0 is a path satisfying Lemma 1 and hence v0 or v2 is a good 3-vertex, a contradiction. This further
implies thatm3(v0) = 0 andm3(v1) ≤ 1. Thus,w′(f ) ≥ 4− 3825 − 7675 − 1725 − 2675 − 1350 − 13150 = 775 . So assume that d(v1) ≥ 6.
If d(v3) ≥ 6, then p1 = p2 = 0 and s ≤ 2, we havew′(f ) ≥ 4−2 · 3825 − 1725 −2 · 350 = 425 by (R1) and Observation 2. Thus,
assume that d(v3) = 5. If d(f2) = 3, then P∗ = v2v3v4v0 is a path satisfying Lemma 1. If d(f3) = 3, then P∗ = v0v4v3v2 is a
path satisfying Lemma 1. We always get a contradiction in both situations. This shows that d(f2), d(f3) ≥ 5, and therefore
m3(v3) ≤ 1. If f3 is a type 1 5-face adjacent to f , then v4 must be adjacent to a 4-vertex x, different from v3 and v0, and is
incident to a 3-face [v4xx′]. It is easy to inspect that P∗ = v0v4x is a path satisfying Lemma 1, which is a contradiction. Hence,
f3 cannot be a type 1 5-face adjacent to f .
If d(v1) ≥ 7, thenw′(f ) ≥ 4− 2 · 3825 − 1725 − 1350 + 24175 = 1170 by (R1) and (R5). Thus, assume that d(v1) = 6. If d(f0) ≥ 5 or
d(f1) ≥ 5, thenm3(v0) = 0 orm3(v2) = 0, thereforew′(f ) ≥ 4− 3825 − 7675 − 1725 − 1350 − 350 = 715 . If d(f0) = d(f1) = 3, then we
assert that f has no sink through the vertex v1, thusw′(f ) ≥ 4−2 · 3825 − 1725 − 1350 − 175 = 1150 by (R1). Assume to the contrary
that f has a sink f ′ through v1. Then f ′ is a type 3 5-face [v1u1u2u3u4] with d(ui) = 4 for i = 1, 2, 3, 4, and m3(f ) = 5. It is
easy to see that G contains a subgraph isomorphic to (C4). By Lemma 2(4), both u2 and u3 are good 4-vertices, contradicting
the definition of f ′.
(1.2.2) d(v4) ≥ 5.
If at least one of v1, v3, v4 is of degree at least 6, then w′(f ) ≥ 4 − 2 · 3825 − 2 · 2675 − 350 − 13150 = 18150 by (R1)–(R3)
and Observation 2. Otherwise, d(v1) = d(v3) = d(v4) = 5. By Lemma 1, we can derive that d(f0), d(f1) ≥ 5, and hence
m3(v1) ≤ 1. By (R1),w′(f ) ≥ 4− 2 · 3825 − 2 · 2675 − 1350 = 1150 .
Case 1.3 b(f ) contains exactly one 3-vertex, say v0.
By the definition, p1 + p2 ≤ 3. First, assume that v0 is a good 3-vertex. If f is incident to a 5+-vertex, then w′(f ) ≥
4−3 · 5150 − 2675 −3 · 13150 = 13 by (R1)–(R4) and Observation 2. If d(vi) = 4 for all i = 1, 2, 3, 4, then since v0 is a 3-vertex and
G contains no 4-cycles, at least one of v1 and v4 is incident to at most one 3-face. Thus,w′(f ) ≥ 4− 3 · 5150 − 1725 − 3 · 13150 = 0.
Next, assume that v0 is a bad 3-vertex. It is easy to derive by Lemma 1 that f is incident to at least one 5+-vertex, and
if d(v2) = d(v3) = 4, then d(v1), d(v4) ≥ 5. If f is incident to at least two 6+-vertices, then p1 + p2 ≤ 1, and hence
w′(f ) ≥ 4− 3825 −2 · 5150 −2 · 350 − 13150 = 730 by (R1)–(R3) and Observation 2. If f is incident to at least three 5+-vertices, then
p1 + p2 ≤ 2, and hencew′(f ) ≥ 4− 3825 − 5150 − 3 · 2675 − 2 · 13150 = 37150 . So assume that b(f ) contains at most two 5+-vertices
and at most one 6+-vertex. We need to consider the following situations.
(1.3.1) d(v1) ≥ 5.
By Lemma 1 and the above analysis, exactly one of v2, v3, v4 is a 5+-vertex. First, assume that d(v4) = 4. Then d(f4) ≥ 5
by Lemma 1. If d(v1) ≥ 6, then since p1 + p2 ≤ 2, we get that w′(f ) ≥ 4 − 3825 − 5150 − 1725 − 2675 − 350 − 2 · 13150 = 15 by
(R1)–(R4) and Observation 2. So assume that d(v1) = 5. If p1+ p2 ≤ 1, thenw′(f ) ≥ 4− 3825 − 5150 − 1725 − 2 · 2675 − 13150 = 0. If
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p1 + p2 ≥ 2, then at least two of f1, f2, f3 are of degree at least 5, hence b(f ) contains no 4+-vertex incident to two 3-faces.
Thus,w′(f ) ≥ 4− 3825 − 2 · 1725 − 2 · 2675 − 3 · 13150 = 16 .
Next, assume that d(v4) ≥ 5. It follows that d(v2) = d(v3) = 4, p1 ≤ 2 and p2 ≤ 1. If d(f0), d(f4) ≥ 5, then
w′(f ) ≥ 4 − 7675 − 2 · 5150 − 2 · 2675 − 2 · 13150 − 125 = 125 . Otherwise, without loss of generality, assume that d(f0) = 3. If
d(v1) = 5, then P∗ = v0v1v2v3 is a path satisfying Lemma 1, deriving a contradiction. Hence d(v1) ≥ 6, and p1 ≤ 1. If at
least one of f1, f2, f3 is a 5+-face, then w′(f ) ≥ 4− 3825 − 5150 − 1725 − 2675 − 350 − 13150 − 125 = 37150 . Otherwise, d(fi) = 3 for all
i = 1, 2, 3, which implies that p1 = p2 = 0. It turns out thatw′(f ) ≥ 4− 3825 − 2 · 5150 − 2675 − 350 = 130 .
(1.3.2) d(v1) = d(v4) = 4 and d(v2) ≥ 5.
By Lemma 1, d(f0), d(f4) ≥ 5. Thus,w′(f ) ≥ 4− 7675 − 5150 − 2 · 1725 − 2675 − 3 · 13150 = 0.
Case 1.4 d(vi) ≥ 4 for all i = 0, 1, 2, 3, 4.
The proof is split into the following three cases:
(1.4.1) b(f ) contains at least two 5+-vertices.
If b(f ) contains at least three 5+-vertices, thenw′(f ) ≥ 4− 2 · 5150 − 3 · 2675 − 5 · 13150 = 73150 . So assume that b(f ) contains
exactly two 5+-vertices and three 4-vertices. If p1 + p2 ≤ 2, thenw′(f ) ≥ 4− 3 · 5150 − 2 · 2675 − 2 · 13150 = 11150 . If p1 + p2 ≥ 3,
then at most one 4-vertex in b(f ) is incident to two 3-faces. Thus,w′(f ) ≥ 4− 5150 − 2 · 1725 − 2 · 2675 − 5 · 13150 = 3775 .
(1.4.2) b(f ) contains exactly one 5+-vertex.
Without loss of generality, assume that d(v0) ≥ 5 and d(vi) = 4 for all i = 1, 2, 3, 4. Let n∗4 denote the number of
4-vertices in b(f )which are incident to two 3-faces. Note that n∗4 ≤ n4 = 4.
First assume that d(v0) ≥ 6. Then p1 = 0 and p2 ≤ 3. If n∗4 ≤ 3, then w′(f ) ≥ 4 − 5150n∗4 − 1725 (4 − n∗4) − 350 − 3 · 125 =
1
50 (55− 17n∗4) ≥ 150 (55− 17 · 3) = 225 . Otherwise, n∗4 = 4, which implies that p2 = 0 and d(fi) = 3 for i = 0, 1, 2, 3, 4. If
d(v0) ≥ 7, then w′(f ) ≥ 4 − 4 · 5150 + 24175 = 235 by (R1) and (R5). If d(v0) = 6, then f is a type 3 5-face. By (R4), there are
two faces, each of which gives 7150 to f through the vertex v0. Thus,w
′(f ) ≥ 4− 4 · 5150 − 175 + 2 · 7150 = 0.
Next assume that d(v0) = 5. If n∗4 = 4, i.e., d(fi) = 3 for i = 0, 1, 2, 3, 4, then p1 = p2 = 0. Lemma 2(2) asserts that
v2 and v3 are good 4-vertices, and hence w′(f ) ≥ 4 − 2 · 5150 − 2675 = 12175 . So assume that n∗4 ≤ 3. In this case, p1 ≤ 2 and
p2 ≤ 3−n∗4 . If n∗4 ≤ 2, thenw′(f ) ≥ 4− 5150n∗4− 1725 (4−n∗4)− 2675− 125 (3−n∗4)−2· 13150 = 150 (32−15n∗4) ≥ 150 (32−15·2) = 125 .
If n∗4 = 3, then it is easy to inspect that f is a type 1 5-face. By (R1) and (R2),w′(f ) ≥ 4− 3 · 5150 − 1725 − 2675 + 13150 = 0.
(1.4.3) d(vi) = 4 for all i = 0, 1, 2, 3, 4.
We note that p1 = 0. If f is adjacent to at least four 3-faces, then f presents a configuration (C1) and hence v2, v3, v4 are
good 4-vertices by Lemma 2(1). Since p2 ≤ 1,w′(f ) ≥ 4−2 · 5150 − 125 = 4825 . Otherwise, f is adjacent to at most three 3-faces.
This implies that n∗4 ≤ 2. If n∗4 ≤ 1, thenw′(f ) ≥ 4− 5150 − 4 · 1725 − 5 · 125 = 350 . If n∗4 = 2, then we may assume, without loss
of generality, that d(f0) = d(f1) = d(f2) = 3 and d(f3), d(f4) ≥ 5, that is,m3(v1) = m3(v2) = 2. Then f is a type 2 5-face. By
(R1) and (R3),w′(f ) ≥ 4− 2 · 5150 − 3 · 1725 + 2 · 125 = 0.
Case 2 d(f ) ≥ 6.
By Lemma 1, there are no two adjacent bad 3-vertices. This implies that nb3 ≤ 12d(f ), and further p1 + p2 ≤ d(f ) − 2nb3.
Note that nb4 ≤ n4 = d(f )− n3 − n+5 ≤ d(f )− nb3 − n+5 . We have the following estimate:
w′(f ) ≥ w(f )− 38
25
nb3 −
51
50
nb4 −
26
75
n5 − 350n6 −
13
150
(p1 + p2)
≥ 2d(f )− 6− 38
25
nb3 −
51
50
(d(f )− nb3 − n+5 )−
26
75
n+5 −
13
150
(d(f )− 2nb3)
= 67
75
d(f )− 6− 49
150
nb3 +
101
150
n+5 . (∗)
If d(f ) ≥ 9, we have by (∗) that w′(f ) ≥ 6775d(f ) − 6 − 49150nb3 + 101150n+5 ≥ 6775d(f ) − 6 − 49150 · 12d(f ) + 101150n+5 ≥
73
100d(f ) − 6 + 101150n+5 ≥ 73100d(f ) − 6 ≥ 73100 · 9 − 6 = 57100 . Otherwise, 6 ≤ d(f ) ≤ 8. It is immediate to derive by Lemma 1
that n+5 ≥ nb3.
If d(f ) ≥ 7, thenw′(f ) ≥ 6775d(f )−6− 49150nb3+ 101150n+5 ≥ 6775d(f )−6− 49150nb3+ 101150nb3 = 6775d(f )−6+ 2675nb3 ≥ 6775 ·7−6 = 1975 .
Assume that d(f ) = 6. Thenw(f ) = 6. We need to consider the following cases:
• If nb3 ≥ 2, we have similarly by (∗) thatw′(f ) ≥ 6775d(f )− 6+ 2675nb3 ≥ 6775 · 6− 6+ 2675 · 2 = 475 .
• nb3 = 1, say v0 is a bad 3-vertex. Note that n+5 ≥ 1 and p1+p2 ≤ 4. If n+5 ≥ 2, thenw′(f ) ≥ 6− 3825−3· 5150−2· 2675−4· 13150 =
19
50 . So assume that n
+
5 ≤ 1. It follows that at least one of v1 and v5 is a 4-vertex, say d(v1) = 4. By Lemma 1, f0 is not a 3-face.
This further implies that v1 is incident to at most one 3-face. Thus,w′(f ) ≥ 6− 3825 − 3 · 5150 − 1725 − 2675 − 4 · 13150 = 7150 .
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• nb3 = 0. If n+5 ≥ 1, then w′(f ) ≥ 6− 5 · 5150 − 2675 − 6 · 13150 = 130 . If n+5 = 0, then p1 = 0, and Lemma 2(3) asserts that
f is adjacent to at most five 3-faces. Hence there are two 4-vertices in b(f ) each of which is incident to at most one 3-face.
Thus,w′(f ) ≥ 6− 4 · 5150 − 2 · 1725 − 6 · 125 = 825 . 
Lemma 4. If G is a planar graph with δ(G) ≥ 3 and without 4-cycles, then ρ2(G) > 176 .
Proof. By Lemma 3, we can derive the following:
0 > −12 =

v∈V (G)
w(v)+

f∈F(G)
w(f )
=

v∈V (G)
w′(v)+

f∈F(G)
w′(f )
=

v∈V g3 ∪V g4
w′(v)+

v∈V (G)\(V g3 ∪V g4 )
w′(v)+

f∈F(G)
w′(f )
≥ (−3)(ng3 + ng4)+
1
25
(n− ng3 − ng4).
This gives
ng3 + ng4 ≥
1
76
n.
It is easy to see that when a fire breaks out at a vertex v ∈ V (G)\(V g3 ∪ V g4 ), the firefighter can save at least two vertices.
Thus,
sn2(G) =

v∈V (G)
sn2(v) =

v∈V g3 ∪V b4
sn2(v)+

v∈V (G)\(V g3 ∪V g4 )
sn2(v)
≥ (n− 7)(ng3 + ng4)+ 2(n− ng3 − ng4)
= (n− 9)(ng3 + ng4)+ 2n
≥ n(n− 9)
76
+ 2n
= 1
76
n2 + 143
76
n
>
1
76
n2.
Therefore,
ρ2(G) = sn2(G)n2 >
1
76
. 
Theorem 1. Every planar graph G with n ≥ 2 vertices and without 4-cycles has ρ2(G) > 176 .
Proof. Let G be a smallest counter example. The result is true if n = 2 or n = 3. So assume that n ≥ 4. By Lemma 4, there is
a vertex of degree at most 2, say x. Let G
′ = G− x. By the minimality of G, we derive that ρ(G′) > 176 . For a vertex v ∈ V (G′),
we use sn′2(v) to denote the maximum number of vertices in G′ that the firefighter can save when a fire breaks out at vertex
v. Thus, we have the following inequality:
ρ2(G) =

v∈V (G)
sn2(v)
n2
=
 
v∈V (G)\{x}
sn2(v)

+ sn2(x)
n2
≥
 
v∈V (G′ )
sn′2(v)

+ (n− 1)
n2
= (n− 1)
2ρ2(G′)+ (n− 1)
n2
= ρ2(G′)+ (−2n+ 1)ρ2(G
′)+ n− 1
n2
.
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If ρ2(G′) ≥ 25 , then
ρ2(G) ≥ ρ2(G′)+ (−2n+ 1)ρ2(G
′)+ n− 1
n2
≥ 2
5
+ (−2n+ 1) · 1+ n− 1
n2
= 2
5
− 1
n
≥ 2
5
− 1
4
= 3
20
>
1
76
[since n ≥ 4].
On the other hand, if ρ2(G′) < 25 , then
ρ2(G) ≥ ρ2(G′)+ (−2n+ 1)ρ2(G
′)+ n− 1
n2
>
1
76
+ (−2n+ 1) ·
2
5 + n− 1
n2
= 1
76
+
1
5n− 35
n2
>
1
76
. 
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